li(iV) = / dn/logn, then empirically and heuristically, one has, cf. [1] : (1) Pi(N) ~ 0.68641 li(N) .
Thus, while the much weaker proposition (2) PiiN) -> oo has still not been proven, the investigation of (1) provides strong evidence that (2) is true. The case is strengthened when it is realized that even subsets of the set of primes n2 + 1 have counts that -> °o according to well-known laws. Recently [4] , Lai has counted pairs of primes (m -l)4 + 1 and (m + l)4 4-1 -the "conceptual intersection" of both previous subsets-and he found that if the number of such pairs with m 4-1 ^ N is h(N), then h(N) is at least roughly proportional to 1Í2(./V). (The qualification "at least roughly" has reference to the fact that he went to only N = 4000, and A(4000) is only equal to 57.) Lai did not evaluate the constant X in (5) h(N) ~ X liî(2\0 ;
we do that here.
with the product taken over all primes p = 8k + 1, and where co(p) is the number of residue classes (mod p) that satisfy the right side of (11) converges to the left side if \2kx\ < 1.
Comments. The lemma for k = 1 is proven in [1, p. 322], and the proof of the generalization here is virtually the same. The lemma for k = 2 was given without proof in [2, Eq. (5)]. The general lemma is similar to, but not the same as, Witt's Formula, cf. [6] .
If we now take x = 1/p and k = A and 2, (10), (11) and (12) 
L_i (s)Li (s)L_2 is)L2 (s)
so the factors on the right of (13) are given in terms of the known [7] Dirichlet series L0(s). As is usual in such calculations we may obtain much faster convergence by computing the first / factors in (10) directly-that is, by computing can all be evaluated in terms of L0(s), where the subscripts a are some, or all, of the twelve divisors of 18: ±1, ±2, ±3, ±6, ±9, and ±18. All these Lais) are known [7] . If one or more primes p = Ak + B in (18) are less than one or more 2ki or 2ti, then clearly one must choose the ps above to be greater than all such p, otherwise the sequence analogous to (13) will diverge. By increasing p¡, one first eliminates any divergence, and then obtains more rapid convergence.
